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Linear Analysis of Forced Longitudinal Waves
in Rocket Motor Chambers

Michael M. Micci,* Leonard H. Caveny,t and William A. SirignanoJ
Princeton University, Princeton, N.J.

A methodology centered around the forced longitudinal wave (FLW) motor is being developed to investigate
dynamic responses of rocket motors. The FLW motor establishes periodic longitudinal pressure and velocity
oscillations in solid propellant rocket chambers. A linear analysis was developed to study propellant pressure-
and velocity-coupled responses using dynamic pressure measurements at several locations in a motor. The
analysis uses pressure amplitude and phase measurements. Variations in the propellant reponses are shown to
produce measurable changes in the calculated oscillating pressures with velocity-coupled responses showing the
greatest promise for determination from experimental data. Experimentally deduced velocity-coupled response
functions are examined over a frequency range centered around the chamber fundamental mode for a range of
interior flowfields and chamber pressures for 86%AP-14%HTPB propellants.

Nomenclature
a = speed of sound
A = chamber cross-sectional area
b - chamber burning perimeter
Cp = specific heat at constant pressure
Cv = specific heat at constant volume
e0 = stagnation internal energy of combustion products
h0 = stagnation enthalpy of combustion products
mb = mass injection rate per area
p = pressure
R = universal gas constant
Rb = propellant response function
Rp = propellant pressure-coupled response function
R v = propellant velocity-coupled response function
t = time
T = temperature
Ar = nonisentropic flame temperature contribution
u = velocity
ub = mass injection velocity
x = distance
a = growth constant
7 = ratio of specific heats
p = density
<t> = phase angle
Superscripts
( ) ' = fluctuating quantity
O = mean quantity

Introduction

PRESENTLY, several organizations are working on
devices for the experimental determination of pressure-

and velocity-coupled response functions.1 It was demon-
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strated that longitudinal pressure and velocity oscillations
which are sinusoidal in time can be generated in a high loading
density rocket motor2 by modulating the outflow through a
sonic nozzle (Fig. 1). In order to determine whether pressure
measurements at several locations in the chamber can provide
information about the dynamic response of the propellant to
pressure and velocity oscillations, a linear analysis of the
forced longitudinal wave (FLW) motor was developed. The
development and initial application of the linear model is the
subject of this paper.

Linear Analysis
A linearized analysis was developed to interpret measured

dynamic pressures with forcing frequency, chamber geo-
metry, mean flow chamber conditions, and propellant
response functions. The model assumes one-dimensional flow
in a constant area axisymmetric chamber with maximum
Mach number sufficiently low (e.g., 0.1) such that terms of
the order of M2 or higher can be neglected. Flow turning
losses are considered but gas phase and particulate damping
are not incorporated into the model at this time. The flow
properties are left in their dimensional form and any self-
consistent set of units can be used. The conservation
equations for mass, momentum, and energy are

dp pdu udp __ b

d(pu) d(pu2) dp^
dt + dx + ~dx ~

dpgp dpue0 dpu
dt dx dx

The perfect gas law is used

p=pRT

0)

(2)

(3)

(4)

Subtracting u times continuity from the momentum
equation (2) yields

Subtract u times momentum and u212 times continuity from
the energy equation (3) and separate e0 into internal and
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kinetic energy to obtain

pdu
v ot (6)

Substitute the perfect gas law [Eq. (4)] and h0 = Cp
( T+ A7) + u2

b/2 into the energy equation (6) to obtain

(7)

dt dx dx

+ (R/2cv)(u2
b+u2)]

The equations are now linearized by substituting p=p+p',
« = « + «', etc. Terms of the order of ii2 or higher are
neglected. The momentum equation (5) becomes

du' du du' dp' bP—- + pu' — + pw—— +-?— +u' -mb =
dt dx dx dx A b (8)

The energy equation (7) becomes

dp^ _dpf
 fdjp .du'

dt U dx U dx yP dx

= a2-m Y\ \™'b 4 Ar/1
A b 4tf \-riih f J

du
'T-dx

(9)

Defining the pressure-coupled and velocity-coupled response
functions as

Rp=[m'b/mb+&T'/T]/(p'/p)

Rv=[mb/mb+&T'/T]/(u'/d)

the energy equation (9) can now be written

(lOa)

(lOb)

dp' dp'^— + u-^--
dt dx

dpf —
dx

du'
dx

du
' —dx

(11)

where the effects of pressure and velocity coupling are
assumed to be additive.

Up to this point the analysis follows that of Culick.3'4
Culick went on to solve the nonhomogeneous wave equation
for the exponential growth or decay constant of a standing
wave at the rocket chamber fundamental mode. The FLW
motor imposes a nearly constant amplitude standing wave in
the port of the rocket motor; pressure amplitude and phase
measurements are made at three locations along the grain.
The values of p' /p were typically in the range of 0.01-0.03.
To take advantage of these measurements the first-order
momentum and energy equations were integrated from the
head of the motor where the initial conditions are known (p'
is measured and u' is zero) down the port of the motor to any
of the downstream pressure transducer locations. Measured
chamber pressure oscillations are analyzed using a fast
Fourier transform5 to separate the amplitude and phase of
the response to the forcing frequency from the higher har-
monics and background noise. Using the linear analysis
permits extraction of the response at the forcing frequency
from the data and application to the model by the super-
position principle. The oscillations extracted by the Fourier
transform are sinusoidal in time and the two coupled first-
order partial differential equations become ordinary dif-
ferential equations. Kuentzmann at ONER A6 has taken a
similar approach to the solution of the linear equations but
used the perturbed throat area as the downstream boundary

condition. Because the FLW linear equations are integrated to
a point upstream of the nozzle, no knowledge of the nozzle
admittance is required. The FLW linear model is integrated
numerically using a fourth-order Runge-Kutta scheme. The
steady-state equations for mass, momentum, energy, and
state were integrated by the same method. The response
functions were assumed to have constant values throughout
the chamber. As better methods of determining pressure- and
velocity-coupled responses are developed, questions con-
cerning the interdependency between pressure and velocity
coupling can be addressed. However, currently in the analysis
interactions between pressure and velocity coupling were not
considered.

Therflowfield dependency (and thus device dependency) of
velocity coupling was recently emphasized by Price.7 We
concur with his statement of the complexities of the flowfield.
The approach described in this paper is intended to produce
data that are consistent with the state-of-the-art of the linear
stability prediction program8 which assumes that the values
of the response functions are constant throughout the
chamber. In carrying out this research we are providing data
that will help to elucidate the mechanism of velocity coupling.

Parametric Study
Solutions calculated with the linear model for the case of no

propellant dynamic response yielded standing waves similar
to those in a closed-closed organ pipe except as modified by
the mean flow. The real and imaginary parts of the pressure-
and velocity-coupled response functions were then
systematically varied to perform a parametric study. The
purpose was to determine whether significant changes in a
component of a response function produce measurable
changes in the dynamic pressure at one or more of the
transducer locations.

First, the pressure-coupled response was varied while the
velocity-coupled response was held constant. The initial
conditions, mean flowfield, and forcing frequency were
identical for all the solutions. Since the analysis is linear, it is
the ratio of amplitudes between two stations which is of in-
terest. Changing the amplitude of the initial condition does
not affect the ratio of amplitudes or the phase angle between
any two stations. Thus the ratio of the amplitude of the
oscillation at the location of interest to the amplitude of the
oscillation at the head end of the motor is used in place of any
absolute amplitude. It was found that relatively large
variations in the pressure-coupled response were required to
produce measurable changes in either the pressure amplitude
or phase at either the midsection or nozzle transducer
locations. It was also learned that for certain values of the
imaginary part, changes in the real part had no effect on the
dynamic pressure measured at the transducer locations. And
the correspondence between a response function component
and a pressure measurement in many cases was not unique.
Similar behavior has been observed when the impedance tube
is utilized for the measurement of a pressure-coupled
response.9 Thus it is believed that the FLW data interpreted
by the linear analysis cannot be used to deduce accurately

. DEVICE TO RELEASE HEAD-END CLOSURE
FOR EXTINGUISHMENT BRAKE
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Fig. 1 Apparatus to excite longitudinal waves in rocket motor.
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a) Changes in real part of velocity-coupled response produce
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b) Changes in imaginary part of velocity-coupled response produce
measurable changes in phase angle.
Fig. 2 Real and imaginary parts of velocity-coupled response affect
calculated pressures at head and nozzle ends of rocket chamber.

pressure-coupled responses in experiments conducted with
pressure measurements made at three locations along the
grain.

Second, the velocity-coupled response was varied with the
pressure-coupled response held constant. Figure 2a shows the
effect of the real part of the velocity-coupled response on the
pressure amplitude ratio from the head to the nozzle of the
motor. It was found that changes in the real part produced
changes in the amplitude ratio an order of magnitude greater
than those produced by changes in the pressure-coupled
response. The magnitude of this change is not affected by off-
resonance operation. It can be seen from Fig. 2a that a
variation in the imaginary part has a negligible effect on the
amplitude ratio. The effect of a change in the real part on the
amplitude of the standing pressure wave is shown in Fig. 3a.
The full extent of the effect caused by the real part does not
manifest itself until one approaches the pressure antinode at
the nozzle end of the motor. Figure 3b shows that the
imaginary part of the velocity-coupled response has no
measurable effect on the amplitude of the standing wave
except at the pressure node.

When the imaginary part of the velocity-coupled response
was varied individually it was found that the phase angle

12 16 20 24
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a) Changes in real part produce large changes in standing wave am-
plitude at nozzle end.

IS
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b) Changes in imaginary part do not produce measurable differences
in standing wave amplitude.
Fig. 3 Effect of velocity-coupled response on pressure amplitude in
rocket chamber.

between the pressure oscillations at the head and nozzle ends
of the motor was affected linearly (Fig. 2b). As was the case
for the real part, phase angle measurements currently ob-
tainable (1 deg accuracy) would permit a measurement of the
imaginary part of the velocity-coupled response. A change in
the real part simply translates the line without affecting the
slope. Figure 4a shows the effect of a change in the imaginary
part on the phase angle of the standing wave pressure
oscillations. The change in the phase angle becomes apparent
only downstream of the pressure node. Figure 4b shows that
variations in the real part of the velocity-coupled response
have a very small effect on the pressure phase angle.

The physical cause of the insensitivity of the standing wave
mode structure to the pressure-coupled response function is as
follows. The linear model has shown that the standing wave
mode structure is a very strong function of the velocity-
coupled response but is a very weak function of the pressure-
coupled response. This behavior does not change as one
passes from 20% below the chamber resonant frequency to
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20% above it. As shown by Culick3 the growth or decay
constant for acoustic waves a in a region from x; to x2 is
proportional to

\p'\ \R'b\cos<t>dx

where R'b is the response of the propellant to pressure and/or
velocity oscillations and <t> is the phase angle between p' and
R'b. This is equivalent to integrating the dot product of the
complex vectors p' and R'b. Integrated down the entire
chamber length, a positive integral simply means that the
amplitude of the acoustic standing wave in the chamber will
increase with time. The linear analysis Has shown that in order
to change the structure of the standing wave mode there must
exist an asymmetry of the integrand on each side of the
pressure node. By considering individually the pressure- and
velocity-coupling portions of the integral, the contribution of
each can be examined. The real part of the responses Rp and
Rv is defined to be in phase with the perturbing force. For
pressure coupling Rb=p'Rp and a for the entire motor is
proportional to

\ \p'\2Re(Rp)dx
J o

since the phase angle is zero. \p' 1 2 is always positive and thus
the pressure coupling contribution to the integral is either
driving (i.e., positive) everywhere in the rocket motor
chamber or damping everywhere. The integrand is symmetric
with respect to the pressure node. For velocity coupling
Rb = u'Rv and a for the entire motor is proportional to

PL
I I/? 'I \u'Rv\cos(t>dx
Jo

The contributions to the integrand due to the real and
imaginary parts of Rv are now considered individually and 4>
is defined to be the phase angle between p' and u''. The in-
tegrand \p'\\u'\Re(Rv)co$4> is asymmetric (monotone
increasing or decreasing) and the integrand
Ip' I \uf I Im(/? y )cos(0—ir /2) is antisymmetric [ap-

proximated by sin(27TJC/L)]. \p' I \u' \lm(Rv)cos(4>-ir/2)
integrated over the entire chamber length is close to zero
because of equal positive and negative contributions to the
integral. An asymmetric integrand produces a strong am-
plitude differential as shown in Fig. 3a and as antisymmetric
integral produces a definite phase shift for the standing wave
measured at the two pressure antinodes as shown in Fig. 4a.

Pressure coupling, whose contribution to the standing wave
growth constant is either everywhere positive or everywhere
negative, has little effect on the mode structure. Velocity
coupling, whose contributions are either asymmetric or
antisymmetric from one side of the pressure node to the other
side, influences the mode structure to a much greater extent.
Even at resonance, where the velocity coupling integral due to
the imaginary part of the response function goes to zero
because of equal positive and negative contributions, the
antisymmetry still exists and the influence of velocity coupling
on the mode structure remains strong. To prove that an
asymmetric integrand produces a mode structure change, the
sign of the pressure- and velocity-coupled response functions
was intentionally switched on passing through the pressure
node. This produced a symmetric velocity-coupling integrand
and an asymmetric pressure-coupling integrand. In this in-
stance the mode structure became a very strong function of
the pressure-coupled response and a very weak function of the
velocity-coupled response, thus demonstrating that it is the
asymmetry of the integrand p'Rb and not its magnitude
which determines the influence of the response functions on
the acoustic standing wave mode structure.

Thus it was found that the pressure amplitude ratio from
the head to the nozzle of the motor is almost solely a function

3 + i 3
3 + i 0
3 - i 3
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a) Changes in imaginary part produce measurable changes in phase
angle past pressure node.
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b) Changes in real part of velocity-coupled response do not produce
measurable changes in standing wave phase angle.
Fig. 4 Effect of velocity-coupled response on phase angle between
pressure oscillations in rocket chamber.

of the real part of the velocity-coupled response; the phase
angle between head and nozzle pressure oscillations is almost
solely a function of the imaginary part. This separation of
interactions significantly simplifies the interpretation of the
data. Portions of this parametric study were duplicated by
Brown10 using a similar linear model of the same order n and
agreement between the two independent calculations was
excellent. The possibility therefore exists for the deduction of
a propellant velocity-coupled response function from
dynamic pressure measurements made at only two locations in
a rocket motor. The flow chart for accomplishing this is
shown in Fig. 5. The pressure-coupled function would be
assumed known. In practice, only an approximate value of
the pressure-coupled response is needed due to the demon-
strated insensitivity of the standing wave mode structure to
pressure coupling. Real and imaginary parts of the velocity-
coupled response which reproduce in the linear model the
measured pressure amplitude ratio and phase angle can then
be obtained.
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Fig. 5 Deduction of velocity-coupled responses from dynamic
pressure measurements.

Table 1 Propellant formulation and properties

Formulation

Binder, HTPB, %
Ammonium perchlorate, %

15pm, %
45pm, %

180pm, %
400pm, %

Density, g/cm 3

Strand burning rate
at 6.9 MPa, cm/s

Exponent

a
14.0
86.0

20
40
40
—
1.68

1.25
0.43

b
13.5
86.5

—
20
20
60
1.68

0.84
0.60

Experimental Results
Several series of motor firings were conducted to determine

whether the standing wave behavior predicted by the linear
model agrees with the pressure measurements made in the
motor and whether velocity-coupled response functions can
be deduced from pressure measurements made at the head and
nozzle ends of the motor. The propellant formulations tested
are listed in Table 1. The FLW motor can accommodate a 25
cm grain with a fundamental frequency of approximately
2100 Hz or a 35 cm grain with a fundamental frequency of
approximately 1500 Hz. Figure 6 shows pressure amplitude
ratio and phase measurements made at the head, midsection,
and nozzle end of a rocket motor for three identical 35 cm
neutral burning star port grains cast from propellant for-
mulation a. Figure 6a shows the pressure amplitude ratio of
the nozzle to the head end of the motor. The decrease of the
amplitude ratio as frequency decreases is a result of the
pressure node moving past the nozzle end of the motor. Figure
6b, which plots the pressure amplitude ratio of the motor
midsection to the head end as a function of frequency, shows
the pressure node moving over the midsection transducer. The
amplitude ratio reaches a minimum when the node is at the
same location as the midsection transducer and gradually
approaches one as the frequency approaches zero. Figure 6c
reports the phase angle between the head and nozzle
oscillations while Figure 6d shows the head-to-midsection
phase angle. The head-to-nozzle phase angle remains in the
vicinity of 180 deg, as expected for a standing wave. However,
the head-to-midsection phase angle shifts from 180 to 0 deg as
the pressure node moves past the midsection transducer. The
behavior of the above four measurements as a function of
frequency indicates that an acoustic standing wave is excited
in the chamber port over the frequency range tested. This
agrees with the linear model predictions over the same
frequency range.

The FLW motor was then configured to obtain dynamic
pressure data to be used in conjunction with the linear
analysis to deduce the velocity-coupled response. The mid-
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a) Pressure amplitude ratio from head to nozzle ends of motor.
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b) Pressure amplitude ratio from head to midsection of motor.

I T I I I

o
D

o-NH

DA

£ 700 900 15001100 1300
FREQUENCY, Hz

c) Phase angle between pressure oscillations at head and nozzle ends
of motor.

1
o
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d) Phase angle between pressure oscillations at head and midsection of
motor.
Fig. 6 Experimentally measured pressure gains and phases as
function of frequency for three identical motor firings (R48, R49, and
R51).

section pressure transducer was mounted at a location 2.5 cm
upstream of the nozzle entrance where the nozzle pressure
transducer is located. This permitted study of the effect of the
flowfield on the velocity-coupled response. Real and
imaginary parts of the velocity-coupled response would be
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deduced assuming constant values of the response function
using pressure measurements at the head and the location 2.5
cm upstream of the nozzle. An additional set of values for the
response functions would be deduced using pressure
measurements at the head and the nozzle entrance section.
Any difference between the two sets of deduced response

1000 2000
FREQUENCY, Hz

3000

Fig. 7 Pressure-coupled response (real and imaginary parts)
calculated by linearized Zeldovich method.

1800 2000 2200

FREQUENCY, Hz
Fig. 8 Experimentally deduced imaginary part of velocity-coupled
response as function of frequency for propellant formulation (a)
showing run-to-run and batch-to-batch consistency.

functions would indicate that the velocity-coupled response
does vary with position down the port of the motor and
therefore demonstrate a flowfield dependency. Since a
measured pressure-coupled response was not available for the
86% solids AP-HTPB propellant, the pressure-coupled
response function was calculated using the linearized
Zeldovich method.12 Figure 7 plots the calculated real and
imaginary parts of the pressure-coupled response as a func-
tion of frequency at 5 MPa. Both the real and imaginary parts
are required in the model.

Six motors 25 cm long with circular ports were fired with
propellant formulation a and 21 motors with neutral burning
star ports were fired with propellant formulation b, 12 in the
25 cm length and 9 in the 35 cm length» The chamber pressure
for all the motor firings was near 5 MPa. Figure 8 plots the
imaginary part of the velocity-coupled response vs frequency
for propellant a. Figure 9 plots the imaginary part of the
velocity-coupled response for propellant b. The four lowest
frequency runs in Fig. 9 were obtained using the 35 cm long
grain. The square symbols indicate values obtained by using
pressure measurements taken at the head and 2.5 cm upstream
of the nozzle. The triangular symbols mark values obtained
by pressure measurements made at the head and nozzle en-
trance section. The Mach number at the nozzle entrance
section is 15% higher than at the location 2.5 cm upstream.
The data from each run were separated into up to 11 segments
and analyzed individually with the linear model. Portions of
any run where nonlinear oscillations or transients in the mean
pressure became evident were eliminated and remaining
segments were averaged and plotted on the figures. The size of
the symbols indicates the accuracy with which the imaginary
parts of the velocity-coupled response can be deduced from
the pressure measurements for any individual data segment. A
comparison of Figs. 8 and 9 indicates a differing trend with
frequency for the two propellant formulations as would be
suggested by the two AP oxidizer size distributions. Figures 8
and 9 show both run-to-run and batch-to-batch agreement.
The close but nonsystematic relationship between the two
values of the response function deduced at the differing Mach
number locations indicates a random error and no discernable
flowfield effect. The consistent results obtained for the
imaginary part of the velocity-coupled response substantiate
the ability of the FLW motor to provide data to allow the
deduction of that component of the propellant response.
Since a calculated pressure-coupled response function was
utilized, a sensitivity study was conducted with the linear
model. It was determined that an increase by a factor of two
in the real part of the pressure-coupled response resulted in
the real and imaginary parts of the velocity-coupled response
increasing by no more than 25%. The insensitivity of the
velocity-coupled response to large changes in the pressure-
coupled response greatly simplifies interpretation of the data.

n LOW MACH NUMBER
A HIGH MACH NUMBER

A n
A

6 A

1400 1600 2000 22001800
FREQUENCY, HZ •

Fig. 9 Experimentally deduced imaginary part of velocity-coupled response as function of frequency for propellant formulation (b) showing
agreement between response functions deduced from pressure measurements at two Mach numbers.
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Conclusion
A linear analysis accurately interprets the behavior of the

forced acoustic standing wave in the forced longitudinal wave
(FLW) motor. A parametric study of the linear model has
shown the possibility of deducing the real and imaginary parts
of the velocity-coupled response from amplitude and phase
measurements made at the head and nozzle ends of the rocket
motor. It was determined from the linear model 1) that the
pressure amplitude ratio from the head to the nozzle of the
motor is almost solely a function of the real part of the
velocity-coupled response, and 2) that the phase angle bet-
ween head and nozzle oscillations is almost solely a function
of the imaginary part. A sensitivity study demonstrated that a
precise knowledge of the pressure-coupled response is not
required for an accurate determination of the velocity-
coupled response. Rocket motor experiments provided
dynamic pressure amplitude ratio and phase data which were
used to deduce consistent values of the imaginary part of the
velocity-coupled response.
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